6.1

Ratios, Proportions, and
the Geometric Mean

You solved problems by writing and solving equations.

@A You will solve problems by writing and solving proportions.

So you can estimate bird populations, as in Ex. 62!
Key Vocabulary If a and b are two numbers or quantities and b # 0, then the ratio ofa to b
* ratio

¢ proportion
means, extremes
¢ geometric mean

is %. The ratio of a to b can also be written as a: b.

For example, the ratio of a side length
in AABCto a side length in ADEF can 2m 2m £

. 2 Tm/ \1m
be written as 1 or2:1.
D

Ratios are usually expressed in simplest R S
form. Two ratios that have the same
simplified form are called equivalent 71t
ratios. The ratios 7:14 and 1:2 in the
example below are equivalent. U 141t T

width of RSTU _ 7ft
length of RSTU 14 ft

=1
2

m Simplify ratios

: REVIEW UNIT
: ANALYSIS

: For help with measures
i and conversion factors,

i see p. 886 and the Table
: of Measures on p. 921.

Simplify the ratio.

5 ft

. 64m:6 b.
a. bam:6m 20 in.

Solution

a. Write 64 m:6 m as 62;11 Then divide out the units and simplify.

64mi _ 32 _ 4.
%f 5 —32:3

b. To simplify a ratio with unlike units, multiply by a conversion factor.

5ft _ 56 12jd, _ 60 _3

20in. 2044, L& 20 1

\/ GUIDED PRACTICE = for Example 1

356

Simplify the ratio.
1. 24 yards to 3 yards 8to1 2. 150cm:6m 1:4
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m Use a ratio to find a dimension

PAINTING You are planning to paint a mural on a
rectangular wall. You know that the perimeter of
the wall is 484 feet and that the ratio of its length
to its width is 9:2. Find the area of the wall.
Solution
: WRITE STEPT1 Write expressions for the length and width.
: EXPRESSIONS Because the ratio of length to width is 9:2, you
: Because the ratio in can represent the length by 9x and the width
: Example 2 is 9:2, you by 2x.
: can write an equivalent . .
{ ratio to find expressions STEP2 Solve an equation to find x.
f/(\?irdtt}}:e length and 20 +2w="P Formula for perimeter of rectangle
© length o 2(9x) + 2(2x) = 484  Substitute for , w, and P.
width ; R 22x = 484 Multiply and combine like terms.
T27x x=22  Divide each side by 22.
=%
T2 STEP 3 Evaluate the expressions for the length and width.
Substitute the value of x into each expression.
Length = 9x = 9(22) = 198 Width = 2x = 2(22) = 44
» The wall is 198 feet long and 44 feet wide, so its area is
198 ft « 44 ft = 8712 ft*.

m Use extended ratios

£ ALGEBRA The measures of the angles in A CDE are in the extended ratio
of 1:2:3. Find the measures of the angles.

C
Solution

Begin by sketching the triangle. Then use the extended
ratio of 1:2:3 to label the measures as x°, 2x°, and 3x°.

x° + 2x° + 3x°=180°  Triangle Sum Theorem
6x = 180 Combine like terms.

x =30 Divide each side by 6.

» The angle measures are 30°, 2(30°) = 60°, and 3(30°) = 90°.

\/ GUIDED PRACTICE = for Examples 2 and 3

3. The perimeter of a room is 48 feet and the ratio of its length to its width
is 7:5. Find the length and width of the room. 14 ft, 10 ft

4. A triangle’s angle measures are in the extended ratio of 1:3:5. Find the
measures of the angles. 20° 60°, 100°
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PROPORTIONS An equation that states that two ratios are equal is called
a proportion.

extreme —» d _ C <«— mean
mean —> b d <— extreme

The numbers b and ¢ are the means of the proportion. The numbers a and d
are the extremes of the proportion.

The property below can be used to solve proportions. To solve a proportion,
you find the value of any variable in the proportion.

. KEY CONCEPT For ¥our Wotebook

: PROPORTIONS A Property of Proportions

: You will learn
i more properties of
: proportions on

1. Cross Products Property In a proportion, the product of the extremes
equals the product of the means.

T
LR T I L E L f LT e LI L

i p.364. a ¢
If - Ewhereb # 0 and d # 0, then ad = bc.
2_47 *3.4=12
1 3 6__y2-6=12
p
4
WLV iR Solve proportions
) ALGEBRA Solve the proportion.
5 _ x p 1 _2
10 16 Ty+1l 3y
Solution
: ANOTHER WAY a. % = 1% Write original proportion.
: In part (a), you could
: multiply each side by 5.16=10-x Cross Products Property
the denomlsnator, 16. 80 = 10x Multiply.
i Then 16 + = = 16 - =,
: 10 16 8=x Divide each side by 10.
:s08 =x.
1 _2 L .
b. y+1 3y Write original proportion.
1-3y=2(y+1) Cross Products Property
Jy=2y+2 Distributive Property
y=2 Subtract 2y from each side.

\/ GUIDED PRACTICE = for Example 4

Solve the proportion.

5. 2=
X

e
w5
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m Solve a real-world problem

SCIENCE As part of an environmental study, you need
to estimate the number of trees in a 150 acre area. You
count 270 trees in a 2 acre area and you notice that the
trees seem to be evenly distributed. Estimate the total
number of trees.

Solution

Write and solve a proportion involving two ratios that
compare the number of trees with the area of the land.

270 _ n  <— number of trees

= Write proportion.
2 150 <«— areain acres prop

270+150=2-n Cross Products Property
20,250 =n Simplify.

» There are about 20,250 trees in the 150 acre area.

KEY CONCEPT For ¥our Notebook

* Geometric Mean

. The geometric mean of two positive numbers a and b is the positive

number x that satisfies % = % So,x*>=aband x = Vab.

Find a geometric mean

Find the geometric mean of 24 and 48.
Solution
x = Vab Definition of geometric mean
=V24.48 Substitute 24 for a and 48 for b.
=V24.24+2  Factor.
=24V2 Simplify.
» The geometric mean of 24 and 48 is 24V2 =~ 33.9.

\/ GUIDED PRACTICE = for Examples 5 and 6

8. WHAT IF? In Example 5, suppose you count 390 trees in a 3 acre area of the
150 acre area. Make a new estimate of the total number of trees. 19,500 trees

Find the geometric mean of the two numbers.

9. 12 and 27 18 10. 18 and 54 18V3 11. 16 and 18 12V2
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Use Proportions to Solve
Geometry Problems

6.2

— Now |

You wrote and solved proportions.
You will use proportions to solve geometry problems.
So you can calculate building dimensions, as in Ex. 22.

Key Vocabulary In Lesson 6.1, you learned to use the Cross Products Property to write
« scale drawing equations that are equivalent to a given proportion. Three more ways
« scale to do this are given by the properties below.
i~ KEY CONCEPT For Your Notebook
Additional Properties of Proportions
! REVIEW 2, Reciprocal Property If two ratios are
{ RECIPROCALS equal, then their reciprocals are also If % = [—”i, theng = %
: For help with equal.
: reciprocals, see p. 869.
I, If you interchange the means of a
proportion, then you form another If % = ;ci’ then% = g
true proportion.
4. In a proportion, if you add the value
of each ratio’s denominator to its If % = 2, then & JI; b_c ; d,
numerator, then you form another
true proportion.

m Use properties of proportions

10

. MN _ NP
MN _ NP 8 N

In the diagram, RS — ST M R
Write four true proportions. 4
Solution P

MN _ NP 8 _4
Because RS — ST’ then 0= %
By the Reciprocal Property, the reciprocals are equal, so % = ﬁ.

10

By Property 3, you can interchange the means, so %

By Property 4, you can add the denominators to the numerator
8+10_4+x 18 _4+x
10 X

, Or
10 X
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m Use proportions with geometric figures

: BD _ BE B
0 ALGEBRA In the diagram, DA EC'
Find BA and BD. 18
Solution ! 12
o ~
BD _ BE i 3
DA~ EC Given A C

BD + DA _ BE + EC

Property of Proportions (Property 4)

DA EC
% - 18 ; 6 Substitution Property of Equality
6x = 3(18 + 6) Cross Products Property
x=12 Solve for x.

k5, il =12and BD=12 -3 =9.
wceometry at classzone.com

SCALE DRAWING A scale drawing is a drawing that is the same shape as the
object it represents. The scale is a ratio that describes how the dimensions in
the drawing are related to the actual dimensions of the object.

Find the scale of a drawing

BLUEPRINTS The blueprint shows a scale drawing
of a cell phone. The length of the antenna on the
blueprint is 5 centimeters. The actual length of
the antenna is 2 centimeters. What is the scale of
the blueprint?

Solution

To find the scale, write the ratio of a length in the
drawing to an actual length, then rewrite the ratio
so that the denominator is 1.

length on blueprint  5cm  5+2 25
length of antenna 2cm 2 +2

» The scale of the blueprint is 2.5 cm:1 cm.

‘/ GUIDED PRACTICE = for Examples 1, 2, and 3

1. In Example 1, find the value of x. 5

DE _ BE .
2. In Example 2, ac - BC Find AC. 16

3. WHAT IF? In Example 3, suppose the length of the antenna on the
blueprint is 10 centimeters. Find the new scale of the blueprint. ?ﬂ
cm
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Use a scale drawing

MAPS The scale of the map at the right is
1 inch:26 miles. Find the actual distance
from Pocahontas to Algona.

Solution

West
Bend

Use a ruler. The distance from Pocahontas
to Algona on the map is about 1.25 inches.
Let x be the actual distance in miles.

125in. _ 1lin. <«— distance on map Pocahontas i

X mi 26 mi <«— actual distance Humboldt?

x = 1.25(26)  Cross Products Property

x = 32.5 Simplify.

» The actual distance from Pocahontas to Algona is about 32.5 miles.

m Solve a multi-step problem

SCALE MODEL You buy a 3-D scale model of the Reunion Tower
in Dallas, TX. The actual building is 560 feet tall. Your model

is 10 inches tall, and the diameter of the dome on your scale
model is about 2.1 inches.

a. What is the diameter of the actual dome?
b. About how many times as tall as your model is the
actual building?

Solution

. 10in. _ 2.1in. <— measurement on model
560 ft xft <«— measurement on actual building

10x = 1176 Cross Products Property
x=117.6  Solve for x.
» The diameter of the actual dome is about 118 feet.
b. To simplify a ratio with unlike units, multiply by a conversion factor.

560 ft _ 560 f | 120, _ o)
10in. 10in. 1f¢

» The actual building is 672 times as tall as the model.

\/ GUIDED PRACTICE = for Examples 4 and 5

4. Two cities are 96 miles from each other. The cities are 4 inches apart on a
map. Find the scale of the map. 1in.:24 mi

5. WHAT IF? Your friend has a model of the Reunion Tower that is 14 inches
tall. What is the diameter of the dome on your friend’s model? ahout2.95 in.

366 Chapter 6 Similarity



6.3

Use Similar Polygons

You used proportions to solve geometry problems.
@A You will use proportions to identify similar polygons.
So you can solve science problems, as in Ex. 34.
Key Vocabulary Two polygons are similar polygons if corresponding angles are congruent

« similar polygons
« scale factor

and corresponding side lengths are proportional.

In the diagram below, ABCD is similar to EFGH. You can write “ABCD is
similar to EFGH” as ABCD ~ EFGH. Notice in the similarity statement that
the corresponding vertices are listed in the same order.

B Corresponding angles
Dc F . ZA=/E /B=/F,/C= /G,
D and«ZD=/H
A D E H

ABCD ~ EFGH Ratios of corresponding sides

EF FG GH HE

m Use similarity statements

: READ VOCABULARY

i In a statement of

: proportionality, any pair
! of ratios forms a true

i proportion.

v

In the diagram, ARST ~ AXYZ.

T
a. List all pairs of congruent angles. z
b. Check that the ratios of corresponding 25 30 15 18
side lengths are equal.
c. Write the ratios of the corresponding side R 7 S X1z
lengths in a statement of proportionality.
Solution
a. ZR=/X,/S=/Y,and 4L T= ZZ.
p. BS_20_5 ST _30 _5 TR _25_5
Xy 12 3 YZ 18 3 ZX 15 3

GUIDED PRACTICE = for Example 1

1. Given AJKL ~ APQR, list all pairs of congruent angles. Write the ratios
of the corresponding side lengths in a statement of proportionality.

- _ _ g JK_KL_LJ
LJféP,LKfé(I,LLfLR,PQ R~ RP
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SCALE FACTOR If two polygons are similar, then the ratio of the lengths of
two corresponding sides is called the scale factor. In Example 1, the common

ratio of % is the scale factor of ARST to AXYZ.

m Find the scale factor

Determine whether the polygons are F 16 J Z 20 W
similar. If they are, write a similarity 5
statement and find the scale factor of 20 ! 25 15
ZYXWto FGHJ. H
G % X
30
. Y
Solution

STEP T Identify pairs of congruent angles. From the diagram, you can see
that £/Z=/F, /Y= £G,and £X = £ H. Angles Wand J are right
angles, so £ W= /]. So, the corresponding angles are congruent.

STEP2 Show that corresponding side lengths are proportional.
ZY _25_5 YX _30_5 XW_15_5 WZ _20_5

FG 20 4 GH 24 4 H 12 4 JF 16 4

The ratios are equal, so the corresponding side lengths
are proportional.

» So ZYXW ~ FGH]J. The scale factor of ZYXW to FGH]J is %

m Use similar polygons

: ANOTHER WAY

: There are several ways
to write the proportion.
i For example, you could
DF _ EF

write MP - NP

) ALGEBRA In the diagram, A DEF ~ AMNP.
Find the value of x.

Solution “ 1 20

The triangles are similar, so the
corresponding side lengths D 12 F M 16 P
are proportional.

MN _ NP i i
DE ~ IF Write proportion.
12 _20 Substitute.
9 X

12x = 180  Cross Products Property

x=15 Solve for x.

/ GUIDED PRACTICE = for Examples 2 and 3

In the diagram, ABCD ~ QRST. A 12 g
2. What is the scale factor 10 . Q@ 6 R
of QRST to ABCD? % D .
3. Find the value of x. 8 D 16 C T 8 S
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PERIMETERS The ratios of lengths in similar polygons is the same as the
scale factor. Theorem 6.1 shows this is true for the perimeters of the polygons.

THEOREM For Your Notehook

THEOREM 6.1 Perimeters of Similar Polygons

If two polygons are similar, then the P a
ratio of their perimeters is equal to L

K
the ratios of their corresponding
side lengths.
N m S A

1f KLMN ~ PQRS, then KL+ LM + MN + NK _ KL _ LM _ MN _ NK

PQ+QR+RS+SP PQ QR RS SP

Proof: Ex. 38, p. 379

Find perimeters of similar figures

SWIMMING A town is building a new
swimming pool. An Olympic pool is
rectangular with length 50 metersand kS

width 25 meters. The new poolwillbe S0 - _———— =

similar in shape, but only 40 meters long. [ i

25 M e aaam e =
a. Find the scale factor of the new _—————————
pool to an Olympic pool. e
b. Find the perimeter of an Olympic 50 m

pool and the new pool.

Solution

ANOTHER WAY ... » a. Because the new pool will be similar to an Olympic pool, the scale
: Another way to solve

i Example 4 is to write factor is the ratio of the lengths, % = %

: the scale factor as the

i decimal 0.8. Then, b. The perimeter of an Olympic pool is 2(50) + 2(25) = 150 meters.
: multiply the perimeter You can use Theorem 6.1 to find the perimeter x of the new pool.
: of the Olympic pool by

i the scale factor to get X _4 Use Theorem 6.1 to write a proportion.

: the perimeter of the 150 5

: new pool: — . . implify.

T 0.8(150) = 120. x =120 Multiply each side by 150 and simplify.

» The perimeter of the new pool is 120 meters.

\/ GUIDED PRACTICE = for Example 4

In the diagram, ABCDE ~ FGHJK. F__ 15 G
4. Find the scale factor of A 10 B N
FGHJK to ABCDE. % . 18 h
5. Find the value of x. 12 o 12
6. Find the perimeter of ABCDE. 46 £ 0 K 15 J
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: READ VOCABULARY

: For example,

i corresponding lengths in
: similar triangles include
i side lengths, altitudes,

: medians, midsegments,
i and so on.

SIMILARITY AND CONGRUENCE Notice that any two
congruent figures are also similar. Their scale factor

U U
is 1:1. In AABC and ADEF, the scale factor is% =1 5/\ 5/\

You can write AABC ~ ADEF and AABC = ADEF. A 6 C 0 6 F

CORRESPONDING LENGTHS You know that perimeters of similar polygons are
in the same ratio as corresponding side lengths. You can extend this concept
to other segments in polygons.

KEY CONCEPT For Your Notebook

Corresponding Lengths in Similar Polygons

If two polygons are similar, then the ratio of any two corresponding
lengths in the polygons is equal to the scale factor of the similar polygons.

m Use a scale factor

In the diagram, ATPR ~ AXPZ.
Find the length of the altitude PS.

Solution
First, find the scale factor of ATPR to AXPZ.

TR _6+6 _12 _3
XZ 8+8 16 4

Because the ratio of the lengths of the altitudes in similar triangles is equal
to the scale factor, you can write the following proportion.

PS _3 . .

Y 4 Write proportion.

PS _3 .

20" 4 Substitute 20 for PY.

PS =15 Multiply each side by 20 and simplify.

» The length of the altitude PSiis 15.

(Zﬂmlceometry at classzone.com

\/ GUIDED PRACTICE = for Example 5

7. In the diagram, AJKL ~ AEFG. Find the length of the median KM. 42

/k\ﬁ AU:HSZ ; E
H H F
J 48 m VA

6.3 Use Similar Polygons
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4 Prove Triangles
* ¥ Similar by AA

You used the AAS Congruence Theorem,
You will use the AA Similarity Postulate. . i ;
So you can use similar trianglesto understand aerial photography, as in Ex. 34.

Ke.y \{ocabulary ACTIVITY ANGLES AND SIMILAR TRIANGLES
« similar polygons,

p. 372 QUESTION What can you conclude about two triangles Materials:
if you know two pairs of corresponding angles - protractor
are congruent? * metric ruler
STEPT Draw AEFG so that m£E = 40°and m£G = 50°. E

STEP2 Draw ARST so that m£ZR = 40°and m«£T = 50°,
and ARSTis not congruent to AEFG. E AAA@ 50 G

$TEP 3 Calculate mZFand m£S using the Triangle

Sum Theorem. Use a protractor to check that your °

results are true.

STEP 4 Measure and record the side lengths of both g 40° 50°
triangles. Use a metric ruler. UL
DRAW CONCLUSIONS em 1 2 3

1. Are the triangles similar? Explain your reasoning.

2. Repeat the steps above using different angle measures. Make a
conjecture about two triangles with two pairs of congruent
corresponding angles.

TRIANGLE SIMILARITY The Activity suggests that two triangles are similar if
two pairs of corresponding angles are congruent. In other words, you do not
need to know the measures of the sides or the third pair of angles.

. POSTULATE For Your Notebook
« POSTULATE 22 Angle-Angle (AA) Similarity Postulate
. If two angles of one triangle are congruent K L y z
1o two angles of another triangle, then the
* Iwo triangles are similar.
. X
. J
. AJKL ~ AXYZ
'
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m Use the AA Similarity Postulate

: DRAW DIAGRAMS

i Use colored pencils to
: show congruent angles.
i This will help you write
¢ similarity statements.

Determine whether the triangles are c 0 H

similar. If they are, write a similarity

statement. Explain your reasoning. k
£ [0

. G /4
Solution

Because they are both right angles, £ D and Z G are congruent.

By the Triangle Sum Theorem, 26° + 90° + mZE = 180°, so m£E = 64°.
Therefore, £ E and £ H are congruent.

» So, ACDE ~ AKGH by the AA Similarity Postulate.

m Show that triangles are similar

1. In each triangle ‘/
all three angles

measure 60°, so by the
AA Similarity Postulate
the triangles are similar;
AFGH~ NQRS.

2. Since m/ CDF=58°
by the Triangle Sum
Theorem and

m/ DFE = 90° by the
Linear Pair Postulate the
two triangles are similar
by the AA Similarity
Postulate;

ANCDF~ N\DEF.

382

Show that the two triangles are similar.

a. AABE and AACD b. ASVRand AUVT

A 7
; 52° 5\ § v
P 520N R U

Solution
a. You may find it helpful to redraw the triangles separately.

Because mZABE and mZ Cboth equal 52°, ZABE = £ C. By the
Reflexive Property, ZA = ZA.

» So, AABE ~ AACD by the AA Similarity Postulate.

b. Youknow £SVR = ZUVTDby the Vertical Angles
Congruence Theorem. The diagram shows RS |ToT
so £S = £ U by the Alternate Interior Angles Theorem.

» So, ASVR ~ AUVT by the AA Similarity Postulate.

S v

GUIDED PRACTICE = for Examples 1 and 2

Show that the triangles are similar. Write a similarity statement.
1. AFGH and ARQS 2. ACDF and ADEF

G R 0

F ﬁ /L/ 320 580

Q S c F £

3. REASONING Suppose in Example 2, part (b), SRY TU. Could the triangles

still be similar? Explain.
Yes; if £ 8= £ I, the triangles are similar by the AA Similarity Postulate.
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INDIRECT MEASUREMENT In Lesson 4.6, you learned a way to use congruent
triangles to find measurements indirectly. Another useful way to find
measurements indirectly is by using similar triangles.

* m Standardized Test Practice

A flagpole casts a shadow that is 50 feet

long. At the same time, a woman standing
nearby who is five feet four inches tall casts a
shadow that is 40 inches long. How tall is the
flagpole to the nearest foot?

: ELIMINATE CHOICES
D tieescccsscsesennannnnnannanaes » @ 12 feet 40 feet

: Notice that the woman’s
i height is greater than © 80 feet D 140 feet
i her shadow’s length.

: So the flagpole must be
: taller than its shadow’s
! length. Eliminate Solution
: choices A and B.

The flagpole and the woman form sides of two right triangles with the
ground, as shown below. The sun’s rays hit the flagpole and the woman at
the same angle. You have two pairs of congruent angles, so the triangles are
similar by the AA Similarity Postulate.

5ft4in.

40 in. 50 ft
You can use a proportion to find the height x. Write 5 feet 4 inches as
64 inches so that you can form two ratios of feet to inches.

xft _ 50ft . . .

64in. 40 in. Write proportion of side lengths.

40x = 64(50) Cross Products Property
x =80 Solve for x.

» The flagpole is 80 feet tall. The correct answer is C. ® © ®

\/ GUIDED PRACTICE = for Example 3

4. WHAT IF? A child who is 58 inches tall is standing next to the woman in
Example 3. How long is the child’s shadow? 36.25 in.

5. You are standing in your backyard, and you measure the lengths of the
shadows cast by both you and a tree. Write a proportion showing how
you could find the height of the tree.

tree height  length of tree shado
Sample answer: 19t _ eng w

your height ~ length of your shadow
6.4 Prove Triangles Similar by AA 383




6.5

 Now |

Prove Triangles Similar
by SSS and SAS

You used the AA Similarity Postulate to prove triangles similar.
You will use the SSS and SAS Similarity Theorems.

So you can show that triangles are similar, as in Ex. 28.

Key Vocabulary

e ratio, p. 356

« proportion, p. 358

« similar polygons,
p. 372

In addition to using congruent corresponding angles to show that two
triangles are similar, you can use proportional corresponding side lengths.

: THEOREM For Your Notebook

THEOREM 6.2 Side-Side-Side (SSS) Similarity Theorem
Il ihe corresponding side lengths of A
two triangl ional, th
riangles are proportional, then s AT
1he triangles are similar. 8 c
RS~ ST TR then AABC ~ ARST.
Proof: p. 389

T

SRl L AR AR R AR RN R

m Use the SSS Similarity Theorem

: APPLY THEOREMS

Is either A DEF or A GH]J similar to A ABC?
B D 12 F H
E
A 16 C J 16 G

Solution

R ETITILLIRIETITPEIID » Compare A ABC and ADEF by finding ratios of corresponding side lengths.

: When using the SSS

: Similarity Theorem,

i compare the shortest
 sides, the longest sides,
i and then the remaining
¢ sides.

388

Shortest sides Longest sides Remaining sides
AB _8 _4 CA_16_4 BC_12 _4
DE 6 3 FD 12 3 EF 9 3

» All of the ratios are equal, so AABC ~ ADEF.
Compare A ABC and AGH]J by finding ratios of corresponding side lengths.

Shortest sides Longest sides Remaining sides
AB _8 _ CA_16_ BC_12_6
GH 8 JG 16 HJ 10 5

» The ratios are not all equal, so A ABC and A GH]J are not similar.
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SSS Similarity Theorem
: USE AN

o _of _ IR K S
GIVEN ) KK L
PROVE P ARST ~ AJKL 1 L \, a
R T
! AUXILIARY LINE

The Parallel Postulate | Locate P on RS so that PS = JK. Draw PQ so that PQ|| RT, Then ARST ~ APSQ

¢ allows you to draw an by the AA Similarity Postulate, and &5 = ST — TR |
: auxiliary line PQ in
: ARST. There is only one | You can use the given proportion and the fact that PS = JK to deduce that

 line through point P SQ = KL and QP = LJ. By the SSS Congruence Postulate, it follows that
: parallel to RT, so you APSQ = AJKL. Finally, use the definition of congruent triangles and the
: are able to draw it. AA Similarity Postulate to conclude that ARST ~ AJKL.

m Use the SSS Similarity Theorem

1) ALCEBRA Find the value of x that makes A ABC ~ ADEF.

4 : x—1
18
A 8 C 12
D 3(x +1) F
Solution
STEP 7 Find the value of x that makes corresponding side lengths
proportional.

: CHOOSE A METHOD 4 x—1 . .
HR TP Y TP PY PP PEPYERLPPRY PR > —_— = Write proportion.
: You can use either 12 18 prop
PAB _BC . AB _ AC .18 — _
DE-EF ° DE- DF 4¢18=12(x—-1) Cross Products Property
:in Step 1. 72=12x— 12 Simplify.

7=x Solve for x.

STEP2 Check that the side lengths are proportional when x = 7.

BC=x-1=6 DF=3(x+1) =24
AB 2 BC 4 _6 , AB 2 AC 4 _8 ,
DE EF 12 18 DE DF 12 24

» When x = 7, the triangles are similar by the SSS Similarity Theorem.

/ GUIDED PRACTICE = for Examples 1 and 2

1. Which of the three triangles are similar? R_24 S X
Write a similarity statement.
_AMLN ~ AZYX L 39 36
2. The shortest side of a triangle similar 20 26 30 33
to ARST is 12 units long. Find the other
side lengths of the triangle. 15, 16.5 M 22 N T y 20 7
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THEOREM For Your Notebook

THEOREM 6.3 Side-Angle-Side (SAS) Similarity Theorem

If an angle of one triangle is congruent to an angle M

of a second triangle and the lengths of the sides

including these angles are proportional, then the p P
triangles are similar.

= ZX _ XY ~
If /X= /M and M = MN' then AXYZ ~ A MNP.

Proof: Ex. 37, p. 395

m Use the SAS Similarity Theorem

LEAN-TO SHELTER You are building a lean-to shelter starting from a
tree branch, as shown. Can you construct the right end so it is similar
to the left end using the angle measure and lengths shown?

Solution

Both m£A and m£F equal 53°, so £A = ZF. Next, compare the ratios
of the lengths of the sides that include ZA and £F.

Shorter sides — ===+ Longersides —-=—=="°2

The lengths of the sides that include £ A and £ F are proportional.

» So, by the SAS Similarity Theorem, AABC ~ AFGH. Yes, you can
make the right end similar to the left end of the shelter.

CONCEPT SUMMARY For Your Notebook

- Triangle Similarity Postulate and Theorems

- AA Similarity Postulate SSS Similarity Theorem SAS Similarity Theorem

* f£A=sDand ZB= ZE, if AB = BC _ AC 40 If /A= /D and 28 = AC
* then AABC ~ ADEF. DE EF DF DE — DF
: - AABC ~ ADEF. then AABC ~ A DEF.
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Choose a method

! VISUAL REASONING | Tell what method you would use to £

i Toidentify show that the triangles are similar. A L

i corresponding parts, 7

: redraw the triangles so B 30 s
: that the corresponding soluti

: parts have the same olution

: orientation. Find the ratios of the lengths of the corresponding sides.

PA 0

: . BC_ 9 _3 ; CcA_18_3

§ 18 30 Shorter sides IC 15 5 Longer sides D 30 5
iop9 ¢ 7 The corresponding side lengths are proportional. The included angles ZACB

and £ DCE are congruent because they are vertical angles. So, AACB ~ A DCE
by the SAS Similarity Theorem.

(Animatea Geometry  at classzone.com

\/ GUIDED PRACTICE = for Examples 3 and 4

Explain how to show that the indicated triangles are similar.

3. ASRT ~ APNQ 4. AXZW ~ AYZX
S X
P
2 IBL 27 5 \I5
A8 7 N 2 @ w29
ZR= 4/Vand%=%=%therefurethe LWZX= L XZVand ~Z = =" =2

therefore the triangles are similar by

triangles are similar by the SAS Similarity 1 €s are
either SSS or SAS Similarity Theorems.

Theorem.

EXERCI SES HOMEWORK: (™) = WORKED-OUT SOLUTIONS
6.5 KEY on p. WS1 for Exs. 3, 7, and 31
i % = STANDARDIZED TEST PRACTICE
Exs. 2, 14,32, 34, and 36

_ SKILL PRACTICE

[A] 1. VOCABULARY You plan to prove that A ACB is similar to APXQ by the
SSS Similarity Theorem. Copy and complete the proportion that is

needed to use this theorem: ATC = XLQ = ATB
PY CB PO

2. % WRITING If you know two triangles are similar by the SAS Similarity
Theorem, what additional piece(s) of information would you need to
know to show that the triangles are congruent?
You would need to know that one pair of corresponding sides is congruent.
: EXAMPLES §SS SIMILARITY THEOREM Verify that A ABC ~ ADEF. Find the scale factor
iland2 of AABC to ADEF.

orbne e | (3)AABC:BC=18,AB=15,AC= 12 4. AABC: AB = 10, BC = 16, CA = 20
‘ ' ADEF: EF = 12, DE = 10, DF = 8 ADEF: DE = 25, EF = 40, FD = 50
18_15_12.3 10 _16_20.2
12" 10 8’2 2540 50'5

6.5 Prove Triangles Similar by SSS and SAS 391



6 6 Use Proportionality
o

"~ Now |

Theorems

You used proportions with similar triangles.
You will use proportions with a triangle or parallel lines.
So you can use perspective drawings, as in Ex. 28.

Key Vocabulary

« corresponding
angles, p. 147

e ratio, p. 356
e proportion, p. 358

The Midsegment Theorem, which you learned on page 295, is a special case
of the Triangle Proportionality Theorem and its converse.

THEOREMS For Your Notebook

THEOREM 6.4 Triangle Proportionality Theorem

If aline parallel to one side of a triangle Q T
intersects the other two sides, then it
divides the two sides proportionally. R
S U
=l B RT _RU
Proof: Ex. 22, p. 402 £ TU @S, then 75 = ;c-

THEOREM 6.5 Converse of the Triangle Proportionality Theorem

If a line divides two sides of a triangle Q

T
proportionally, then it is parallel to the
third side. R
S u
RT _ RU T
Proof: Ex. 26, p. 402 If 7q = s then TU| @s.

Find the length of a segment

In the diagram, QS| UT, RS =4, ST=6,
and QU = 9. What is the length of RQ?

Solution
RQ _ RS . I
QU ST Triangle Proportionality Theorem
RQ _ 4 .
9 "6 Substitute.

RQ=6 Multiply each side by 9 and simplify.

6.6 Use Proportionality Theorems
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REASONING Theorems 6.4 and 6.5 also tell you that if the lines are not
parallel, then the proportion is not true, and vice-versa.

eI e RT , RU ¢ RT , RU TTTWAC
Soif TUX QS, then 0 # s Also, 1fT—Q * s then TUK QS.

m Solve a real-world problem

SHOERACK On the shoerack shown,
AB =33 cm, BC =27 cm, CD = 44 cm,
and DE = 25 cm. Explain why the gray
shelf is not parallel to the floor.

Solution £
Find and simplify the ratios of lengths determined by the shoerack.
CD_ 44 CB_27_9

DE 25 BA 33 11

» Because % # -, BDis not parallel to AE. So, the shelf is not parallel

to the floor.

9
1

\/ GUIDED PRACTICE = for Examples 1 and 2

1. Find the length of YZ. 311—15 2. Determine whether PS| QR.
parallel
Vv 35 w 44 X ) 50
36 90
Y
Z N 72 S 40 R
- THEOREMS For Your Netebook

THEOREM 6.6

" ErEre

Il three parallel lines intersect two
transversals, then they divide the
iransversals proportionally.

Proof: Ex. 23, p. 402

THEOREM 6.7 A

I ray bisects an angle of a triangle, then
it divides the opposite side into segments
wlhiose lengths are proportional to the
lengths of the other two sides.

Proof: Ex. 27, p. 403 DB~ (B

rrrErrE TP I ELEL L

“rrCEr

AA DD

T T7T
ddddd
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m Use Theorem 6.6

CITY TRAVEL In the diagram, £1, £2,and £3
are all congruent and GF = 120 yards,

1
Main St. /7/54

F
DE = 150 yards, and CD = 300 yards. Find 2 150
the distance HF between Main Street and 120 Second St.
South Main Street. G D
: ANOTHER WAY Solution 3080 o Main S
E --------------- : ---------------- |— Out aln t
: For alternative methods Corresponding angles are congruent, so 1375) H

 for solving the problem
: in Example 3, turn GD, and HC are parallel. Use Theorem 6.6.

‘o page 404 for the

/C

: Problem Solving % = % Parallel lines divide transversals proportionally.
: Workshop.
HG + GF _ CD + DE .
GF _ DE Property of proportions (Property 4)

HF _ 300 + 150 .

20° 130 Substitute.

HF _ 450 N

120 ~ 150 Simplify.

HF = 360 Multiply each side by 120 and simplify.

» The distance between Main Street and South Main Street is 360 yards.

Use Theorem 6.7

In the diagram, 2 QPR = £ RPS. Use the given
side lengths to find the length of RS.

Solution

Because PR is an angle bisector of Z QPS, you can
apply Theorem 6.7. Let RS = x. Then RQ = 15 — x.

RQ _ PQ Angle bisector divides opposite
RS PS side proportionally.

15—x_ 7 .
< " 13 Substitute.

7x =195 — 13x  Cross Products Property

x=9.75 Solve for x.

/ GUIDED PRACTICE = for Examples 3 and 4

Find the length of AB.
3 19.2 4. ¢
B
16_—Ta 02
v 15§ 18y A

i)
R
15
1N\
s
4V2
B

6.6 Use Proportionality Theorems
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6.7

Perform Similarity
Transformations

You performed congruence transformations.
@A You will perform dilations.
So you can solve problems in art, as in Ex. 26.
Key Vocabulary A dilation is a transformation that stretches or ¥

« dilation
« center of dilation

« scale factor of a
dilation

« reduction
« enlargement

« transformation,
p. 272

shrinks a figure to create a similar figure. A dilation
is a type of similarity transformation.

In a dilation, a figure is enlarged or reduced with
respect to a fixed point called the center of dilation.

The scale factor of a dilation is the ratio of a side

length of the image to the corresponding side length < 8 ¢
of the original figure. In the figure shown, A XYZ is .
the image of A ABC. The center of dilation is (0, 0)

and the scale factor is 2.

N

N
=
<
-

I You can describe a dilation with respect to the origin with the notation
(x, y) = (kx, ky), where k is the scale factor.

AB

KEY CONCEPT For Your Notebook

Coordinate Notation for a Dilation

If 0 < k < 1, the dilation is a reduction. If k > 1, the dilation is an enlargement.

m Draw a dilation with a scale factor greater than 1

: READ DIAGRAMS

: All of the dilations in

. this lesson are in the

i coordinate plane and
: each center of dilation
: is the origin.

Draw a dilation of quadrilateral ABCD with vertices A(2, 1), B(4, 1),
C(4, —-1), and D(1, —1). Use a scale factor of 2.

Solution

First draw ABCD. Find the dilation of each vertex Y
by multiplying its coordinates by 2. Then draw L
the dilation.

NG >

(x,y) - (2x, 2y)
A(2,1) > L(4,2) D
B(4,1) —» M(8, 2)

C(4, -1) -> N(8, —2)
D(1, -1) » P(2, -2)

409
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m Verify that a figure is similar to its dilation

A triangle has the vertices A(4, —4), B(8, 2), and C(8, —4). The image
of A ABC after a dilation with a scale factor of% is ADEF.

a. Sketch AABC and ADEF.

b. Verify that AABC and ADEF are similar.

Solution
a. The scale factor is less than one, so the 7]
dilation is a reduction. - B
Fl
o (t 2y ) :
A4, —4) > D(2, ~2) \DLF
B(8,2) > E@4,1)

C(8, —4) > F4, —2) A c

b. Because £ Cand ZF are both right angles, 2 C = ZF. Show that the
lengths of the sides that include £ C and £ F are proportional. Find
the horizontal and vertical lengths from the coordinate plane.

DF  EF 2
So, the lengths of the sides that include £« C and £ F are proportional.
» Therefore, A ABC ~ /A DEF by the SAS Similarity Theorem.

AC1BC 4.8,

\/ GUIDED PRACTICE = for Examples 1 and 2

Find the coordinates of L, M, and N so that /A LMN is a dilation of A PQR
with a scale factor of k. Sketch A PQR and /A LMN. 1, 2. See margin for art.

1. P(-=2,-1), Q(-1,0), R(0, -1); k=4 2. P(5, —5), Q(10, —5), R(10, 5); k = 0.4
L(—8,—4),M(—4,0),N(0, —4) L(2,-2),M (4, —-2),N(4,2)

m Find a scale factor

PHOTO STICKERS You are making your
own photo stickers. Your photo is 4 inches
by 4 inches. The image on the stickers
is 1.1 inches by 1.1 inches. What is
the scale factor of the reduction?

Solution

The scale factor is the ratio of a side length of the sticker image to a side

length of the original photo, or 141

irlln.' In simplest form, the scale factor is %.

410 Chapter 6 Similarity




READING DIAGRAMS Generally, for a center of y
dilation at the origin, a point of the figure and its X
image lie on the same ray from the origin. However,
if a point of the figure is the origin, its image is also
the origin. A

* Standardized Test Practice

: ELIMINATE CHOICES

: You can eliminate

: choice A, because you
i can tell by looking at
: the graph that H is

in Quadrant I. The

i point (12, —15) is in

¢ Quadrant II.

/ {

You want to create a quadrilateral EFGH that is similar to quadrilateral
PQRS. What are the coordinates of H?

® (12, -15) y
(7, 8) G q
© (12,15)
@ (15,18)

R< F

| ~

aQ
P E x
Solution

Determine if EFGH is a dilation of PQRS by checking whether the same
scale factor can be used to obtain E, F, and G from P, Q, and R.

(x, y) — (kx, ky)
P(3,0) > E(9,0) k=3
Q(1,1) > F(3,3) k=3
R(0,2) —» G(0, 6) k=3

Because k is the same in each case, the image is a dilation with a scale
factor of 3. So, you can use the scale factor to find the image H of point S.

S54,5)—>H3-4,3-5) =H12,15)
» The correct answer is C. ® © o
CHECK Draw rays from the origin through each point and its image.

GUIDED PRACTICE = for Examples 3 and 4

3. WHAT IF? In Example 3, what is the scale factor of the reduction if
your photo is 5.5 inches by 5.5 inches? %

4. Suppose a figure containing the origin is dilated. Explain why the
corresponding point in the image of the figure is also the origin.
A dilation with respect to the origin and scale factor k can be described as
(x,y) = (kx, ky). If (x, y) = (0, 0), then (kx, ky) = (k - 0, k - 0) = (0, 0).

6.7 Perform Similarity Transformations
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